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Abstract: The purpose of this article is to extend a generalized
convergence method to sequence /() of fuzzy numbers of
multiplicity greater than two. Here we introduce the classes of
fuzzy real-valued multiple sequences SzF (p) where p :< pnk|>

is a triple sequence of bounded strictly positive numbers. We
study different topological properties like completeness,
solidness, symmetricity, convergence free etc of this space. We
prove some inclusion results also.

Keywords: Fuzzy real valued triple sequence, Multiple
sequences, Solid, Monotone, Symmetric, Convergence free,
Sequence algebra etc.

I. INTRODUCTION

Fuzzy set theory, compared to other mathematical theories, is
perhaps the most easily adaptable theory to practice. Instead
of defining an entity in calculus by assuming that its role is
exactly known, we can use fuzzy sets to define the same entity
by allowing possible deviations and inexactness in its role.
This representation suits well the uncertainties encountered
in practical life, which make fuzzy sets a valuable
mathematical tool. The concepts of fuzzy sets and fuzzy set
operations were first introduced by Zadeh [25] and
subsequently several authors have discussed various aspects
of the theory and applications of fuzzy sets. In fact the fuzzy
set theory has become an area of active area of research in
science and engineering for the last 40 years. Fuzzy set
theory is a powerful hand set for modelling uncertainty and
vagueness in various problems arising in the field of science
and engineering. It extends the scope and results of classical
mathematical analysis by applying fuzzy logic to
conventional mathematical objects, such as functions,
sequences and series etc. The ideas of fuzzy set theory have
been used widely not only in many engineering applications,
such as, computer programming [9], quantum physics [15],
control of chaos [8], bifurcation of non-linear dynamical
system [11] etc., but also in various branches of mathematics,
such as, theory of metric and topological spaces [6], theory of
linear systems [20], studies of convergence of sequences of
functions ([3],[12]). While studying fuzzy topological
spaces, we face many situations where we need to deal with
convergence of fuzzy numbers.
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Using the notion of fuzzy real numbers, different
types of fuzzy real-valued sequence spaces have been
introduced and studied by several mathematicians. The
initial works on double sequences of real or complex terms
are found in Bromwich [2]. Hardy [10] introduced the notion
of regular convergence for double sequences of real or
complex terms. Agnew [1] studied the summability theory of
multiple sequences and obtained certain theorems which
have already been proved for double sequences by the author
himself. Moricz [16] extended statistical convergence from
single to multiple real sequences and obtained some results
for real double sequences. Sahiner et al. [21] developed
statistical convergence for triple sequences of real numbers.
Savas and Esi [22], Esi [7] developed statistical convergence
of triple sequences on probabilistic normed space. Some
more works on triple sequences can be found in ([5], [14]).
Nanda [18] introduced and studied fuzzy real-valued double

sequence space f'; for 1< p <w. Nuray and Savas [19] have

studied some properties of the space ¢(p)”. Subsequently

many authors have worked on the space /(p) such as
([41,[171,[22],[23]). In this article we shall investigate the
class of triple sequences , /" (p).

I1. DEFINITIONS AND BACKGROUND

Throughout N, R and C denote the sets of natural,
real and complex numbers respectively.
A fuzzy real number X is a fuzzy set on R, i.e. a mapping
X :R — L(=[0,1] associating each real number t with

its grade of membership X (t). Every real number r can be
expressed as a fuzzy real number r as follows:

P () = 1 if t : r

0 otherwise

The a-level set of a fuzzy real number X , 0 < o <1 denoted
by [X]* isdefined as [X]* ={t e R: X(t) > o}
A fuzzy real number X is called convex if
X(t) = X(s) A X(r) = min (X (s), X (r)), where s<t<Tr.

If there exists t, € R such that X (t,) =1, then the
fuzzy real number X is called normal. A fuzzy real number
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X is said to be upper semi-continuous if for each & > 0,

X[0,a+¢)), forall @ € L is open in the usual topology
of R. The set of all upper semi continuous, normal, convex
fuzzy number is denoted by R(L).

Let D be the set of all closed bounded
X = [x LoX R] on the real line R. Then

X <Y if and only if X-<Y" and xR <YR Also let
d(X,Y) = max(| X" -X®[,|Y"-Y®)]).

Then (D,d) is a complete metric space.

Let d :R(L)x R(L) — R be defined by
d(X,Y)=supd([X]*,[Y]*),for X,Y e R(L).

0<a<l

intervals

Then d defines a metric on R(L) and (R(L), d_) isa
complete metric space.
The Arithmetic operationson R(L) are defined as follows:

(X ®Y)t)=sup{X(s) AY(t-s)}teR
(XOY )(t) =sup{X (s) AY(S —-t)}, teR

(X ®Y)(t) =sup{X(s) AY(t/s)},teR

(X 7Y )t) =sup{X(st) AY(s)},t R

A triple sequence (real or complex) can be defined as a
function x: N x N xN — R(C).

A triple sequence of fuzzy numbers is a triple infinite array of
fuzzy real numbers X for all n,k,1e N and is

denoted by (X_,,) where X ,; € R(L).

A triple sequence x =(Xo) of fuzzy numbers is said to be
convergent to a fuzzy real number X,

iffor each & > 0, there exists a positive integer m such that
d(X,, X,)<e forall n,k,1>m.

Atriplesequence X = <Xnkl> of fuzzy numbers is said to be
a Cauchy sequence, if for each & > 0, there exists a positive
integer N, such that d(X,,, )<e for every
n>pxn, k>qz=k,,
A triple sequence X =<Xnkl> of fuzzy numbers is said to be

qu
[>r>1,.

bounded if there exists a positive integer M such that
d(X,,,0) <M foralln,k,I.

Let 5/ denote the set of all bounded triple sequences of
fuzzy numbers which is a normed space, normed by

X[/ Sup[X |

A fuzzy real valued triple sequence space E" is said to be
solid if (Y,,,) € EF whenever |y [ < |X | forall

nk,leNand (X, )eE"..
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A fuzzy real valued triple sequence space E© is said to be

monotone if EF contains the canonical pre-image of all its
step spaces.

A fuzzy real valued triple sequence EF is said to be
symmetric if S(X) c EF, for all Xe ET, where S(X) denotes
the set of all permutations of the elements of X =(X )

is said to be
whenever

A fuzzy real valued triple sequence space E”
sequence algebra if <Xnkl ®Ynkl> eEF,

<X nkl >1<Ynkl > eE".
A fuzzy real valued triple sequence space E© is said to be
convergence free if <Ynkl>€ EF, whenever <Xnk,> cEF

| =0 implies Yo =0.
Let p =<pnkl> be a triple sequence of bounded strictly

and X,

positive numbers. We define the following fuzzy real-valued
triple sequence space:

3fF<p>={x = (Xp): z

T [Ms

S a0 0™ < oo}.

=1 1=1

il

Lemma. If a sequence space EF
monotone.

For the crisp set case, one may refer to Kamthan and Gupta
[13], p.53.

is solid, then it is

Il. MAIN RESULTS

Theoreml. The space 3£F (p) is a complete metric space
with respect to the metric p defined by

p(xvY) :[iii[d(xnkl’Ynkl)]pij ! Where

1 k=1 I=1

M= max(ls p Pt )-

Proof. Let <x(' > be a Cauchy sequence in ,¢" (p) where

X =<Xnkl(i)>_

Then for a given & > 0, there exists N, € N such that
p(XV XD )<g, foralli, j=n, (1)

1

Shehy j L 11
3( z [ (Xnkl’xilgl))] j <¢g, foralll,jZnO.
n=1 1=1

[d(xg'k),,xg;,))]""“j <M forall i, j=n,.

1 1=1

= d(X§ , X))<e, foral i, j=n, and for all
<X rf;,)> -, is a Cauchy sequence in R(L) for each

n,k,l e N.

Since R(L) is complete, so <x r(wlll)>

each n,k,l € N.

", is convergent for
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Let limX® =X, for each n,kleN and
1

X :<Xnkl>'
Taking limit as | — oo in equation (1), we have
p(X® X )<e, forall i > n,.
Now forall i > n,
p(X,0)< p(X, X M)+ p(x ®,0)< &+ K <.
This implies X € ,¢" (p).Hence ,¢" (p) is complete. m

Theorem 2. The space 3KF(p) is solid as well as

monotone.

Proof. Let (X )€ 47 (p) and <Ynk,> be a fuzzy real
valued triple sequence such that

d(Y,, ,0)<d(X, ,0), forall n,kleN.

Then iii[a(xm ,6)]')"“ <

n=l k=1 I=1
Now
N =\ [Pk e Pria
ZZZ[d(YnkI :0)] gzz [d(xnkll ] <™
n=1 k=1 I=1 n=l k=1 1=1
Thus <Ynk, > e /7 (p) andso ,¢7 (p) is solid.
Also by Lemma, it follows that the space /" (p) is
monotone. [

Theorem 3. The space 3KF (p) is asequence algebra..
Proof. Let (X, ), (Yua) € 57 (P)

Then ZZZ[ d(X ® Yo 16)][)"“
n=l k=1 1=l
<333 a0k O 333 [d0r, O <o
n=l k=1 1=l n=l k=1 1=l
Thus (X, ®Y, )€l (p) and so ;£ (p) is a
sequence algebra. [ |

Theorem 4. The space 3£F (p) is not convergence free in

general.
Proof. The result follows from the following example.

3, if n=k=I

Examplel. Let Du= )5 4 il =nikk=ntl

i , otherwise
nkl
We define the sequence <X nkl > as follows:

X, =0, for nzk=l
Otherwise
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1
1+ nklt, for —Wstso
n
X nkl (t) = l
1-nklt, for 0<t<—
nkl
0, otherwise

S 2 25 B

Hence <Xn|<|>E 3fF (p)

Let us consider the sequence <Ynk, > defined as follows:

=0, for n=zk=l.
Otherwise
1(1+Lj, for —nkl <t < nkl
2 nkl
Yo () = ( t j
2———|, for nkl <t<2nkl
nkl
0, otherwise
Then
ZZZ[CW Wi 0" Z(Zn 3+ 33 (2nk)?
n=1 k=1 I=1 =1 k=1
+ZZ(2n2|)2+ZZ(2nkZ)Z= o0,
k=1 1= k=1 k=L

Hence <Ynkl > 2307 (p).

So the space 3£F (p) is not convergence free.

]

Theorem 5. The space 3£F (p) is not symmetric
Proof . The proof follows from the following example.

Example2. Let p, = JL 1T n=k=l
2,  otherwise

We consider the sequence <X nkl > defined by:

1++/3nklt, for e <t<0
3nk
X nnn (t) = A
1- klt, fi 0<t<——
Snidt, for f nkl
0, otherwise
and X, =0, otherwise
Then
0 0 o F__ _ 2
d(X . 0)]™ :”(ijﬁ (1 j
;;;[ " ] nzzll NEI nzﬂ:kzl 3n%k
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ca 1 Y e 1 Y
22 ) 2

Thus <X " > e /" (p).

Let us consider the rearrangement (Ynk,) of (Xnk,) defined
as follows:

X, If I#k=n
X, if I=k=n
Yoa =X, if n=1%k
X dfn=l=k=1
0, otherwise
Then

= <Ynkl > & 3£F (p).

Hence the space 5/ () is not symmetric. ]

Theorem 6. If Q< Prg < U <SUP, then
nkl

.7 (p) =, £ (g)and the inclusion is proper.
Proof. Let (X )€ 4£7(p).

= iii[a(xnkl ,6)]% <oo.

n=1 k=1 I1=1
Then there exists N, , Ky,l, € N such that
[a(XnkI ,6)]""“ <1, forall n > n, or k >k, or
| > I, or forall.
= [H(xnkI ,6)]q"“ <[H(xnkl ,6)]”"“ forall n>ngor
k>kgor I >1,.

0  ©

= iZZ[a(Xnkl :6)]%“ <oo,

n=l k=1 I=1
= <X nkl > € 3'€F (9)-
Hence ,¢7 (p) < ,¢7 (a).
To prove the inclusion to be proper, we consider the
following example.

Example 3. Let (,, = {3+1, if n=k=I
n

2, otherwise

and P, = 2, |if n:!<:|
1, otherwise

We consider the sequence (Xnk) defined as follows:

X o =0, fornzk=l.
Otherwise
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1+ nklt, for —istso
nkl

Xnkl(t):
1-nklt, for 0<t<—
nkl

0, otherwise

n=1 k=1 I=1 i\ N

w 1 2 ©  w 1 2 o w 1 2
22(ew) 22 225 <
= <X nkl > e 407 (q).

Shah ol nkl = 1 z
B S 55 [d0x D - 335 +

n=1 k=1 I=1 n=1
I EAIS IR AR
1k nk i aun’l k1 ko WK
= Xnk|>eE 3£F(p)-
Hence the inclusion is proper. [ |

IV. CONCLUSION

Convergence theory is used as a basic tool in, measure
spaces, sequences of random variables, information theory
etc. We have introduced several notions from classical
sequence spaces and fuzzy sequence spaces to the new setting
of the classes of fuzzy real-valued multiple sequence spaces.
Applying metric in the classes of multiple sequences of fuzzy
real numbers, some important results are introduced.
Although we prove our results only for triple sequences, but
all these results remain true for d-multiple sequences as well.
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